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Abstract

The Non-negative Matrix Factorization technique
(NMF) has been recently proposed for dimensionality
reduction. NMF is capable to produce a region- or part-
based representation of objects and images. The positive
space defied with NMF lacks of a suitable metric and
this paper experimentally compares NMF to Principal
Component Analysis (PCA) in the context of classifcation
trying to determine the best distance metric for the NMF.
This paper introduces the use of the Earth Mover’s Dis-
tance (EMD) as a relevant metric that takes into account
the positive defiition of the NMF bases leading to obtain
the best recognition results when the dimensionality of the
problem is correctly chosen. PCA and NMF have also
been tested under the presence of occlusions and due to
its part-based representation, NMF is able to deal with
occlusions improving the PCA results.

1. Introduction

Over the past few years, several pattern recognition sys-
tems have been proposed based on principal component
analysis (PCA) [7, 6, 11, 1, 9, 10]. Although the details
vary, these systems can all be described in terms of the same
preprocessing and run-time steps. All of them ara charac-
terized by the learning of a set of feature vectors and fnding
a subspace representation that captures the structure of the
data. Usually, when calculating the covariance matrix of the
problem, eigenvectors are sorted by decreasing eigenvalue
only taking the most representative ones which correspond
to the directions of maximum variance. Once the subspace
is fully-described by a projection matrix, the classiftation
of a new feature vector is accomplished by projecting and
fnding the nearest training one.

Recently, a new approach for obtaining a linear repre-
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sentation of data has been proposed. This new technique,
called Non-negative Matrix Factorization (NMF), was used
in the work of Lee and Seung [4] to fnd parts of objects
in an unsupervised way. Non-negative Matrix Factorization
differs from other methods by its use of non-negativity con-
straints. Their work was tested with a set of faces [4] and the
obtained NMF bases are localized features that correspond
with intuitive notions of the parts of faces.

Both methods, PCA and NMF, are simply based on fnd-
ing a projection matrix used to project new vectors. Since
NMF is a recent technique, it does not provide a natural
metric to work with its positive projected vectors. Is for this
reason that a distance metric must be defned in this posi-
tive space in order to work with the projected vectors in an
optimal manner.

This paper presents experimental evaluations of tradi-
tional distance measures in the context of digit recognition
when using PCA and NMF. We have selected the MNIST
digit database [3] because it is a well-known database with
a large number of training and testing vectors. We have
also introduced the Earth Mover’s Distance (EMD) [8] dis-
tance metric noticing an improvement in the recognition
rates when using low dimensional NMF subspaces. We
have also considered occlusions in our testing set and NMF
has manifested a good behaviour in front of them when the
occluded regions are signiftantly large.

We have to note that the aim of this work is not to obtain
the best classifer of the MNIST database. With this current
work, we want to show that it is possible to defne a metric
when using the NMF that can improve the PCA recognition
rates using the same training set of digits. And we com-
pare the NMF with PCA because both methods are based
on fnding a projection space: one of them is claimed to be
the best in terms of reconstructed error (PCA) and the other
is based on the defnition of positive bases.

2. PCA and NMF techniques

Principal Component Analysis (PCA): Due to the high
dimensionality of data, similarity and distance metrics are
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computationally expensive and some compaction of the
original data is needed. Principal Component Analysis is
an optimal linear dimensionality reduction scheme with re-
spect to the mean squared error (MSE) of the reconstruc-
tion. For a set of N training vectors X = {z!,...z"}
the mean (4 = % Zj\; 2%) and covariance matrix (¥ =
LS (@p)(2 — p)T) can be calculated. Defning a pro-
jection matrix E composed of the K eigenvectors of X with
highest eigenvalues, the K -dimensional representation of
an original, n-dimensional vector x, is given by the pro-
jectiony = ET(x — p).

Non-Negative Matrix Factorization (NMF): NMF is
a method to obtain a representation of data using non-
negativity constraints. These constraints lead to a part-
based representation because they allow only additive, not
subtractive, combinations of the original data [4]. Given
an initial database expressed by a n X m matrix V', where
each column is an n-dimensional non-negative vector of the
original database (m vectors), it is possible to fnd two new
matrices (W and H) in order to approximate the original
matrix V;, & (WH);, = >\ _, WiqHq,,. The dimensions
of the factorized matrices W and H are n X r and r X m,
respectively. Usually, r is chosen so that (n + m)r < nm.
Each column of matrix W contains a basis vector while
each column of H contains the weights needed to approx-
imate the corresponding column in V' using the basis from
W. In the PCA context, each column of matrix W repre-
sents an eigenvector and the factorized matrix of H repre-
sent the eigenprojections. In contrast to PCA, NMF does
not allow negative entries in the factorized matrices W and
H permitting the combination of multiple basis images to
represent an object.

In order to estimate the factorization matrices, an ob-
jective function has to be defned. A possible objective
function is given by F' = 377 | >0 | [Vilog(WH ), —
(W H);,]. This objective function can be related to the like-
lihood of generating the images in V' from the bases W and
encodings H. An iterative approach to reach a local max-
imum of this objective function is given by the following

rules [4] Wia — Wia Zu (VVV%H“)WHG‘#’ Wia - %’
j .

Hay — Hau), i Wm(m)fT“)m Initialization is performed
using positive random initial conditions for matrices W and
H. The convergence of the process is also ensured. See
[4, 5] for more information.

3. Distance Measures

Four commonly used distance measures are tested in this
current work: L1, L2, angle and Earth Mover’s Distance
(EMD). The angle measure is defned as:

dist(z,y) = —— 7
() = S

(D

and the EMD distance, as known to be the minimal amount
of work that must be performed to transform one feature
distribution into the other, is based on a solution to the old
transportation problem from linear optimization [2]. Let I
be a set of suppliers, J a set of consumers and c;; the cost
to ship a unit of supply from 7 € I to j € J and usually is
defmed as the euclidean distance. Now, we want to seek a
set of f;; that minimizes the overall cost:

dist(z,y) = min Z Z Cij fij 2)
iel jeJ

subject to the following constraints:

fij >0 iel,jed 3)
> fii<y, jed “)
el
> fij<wi, i€l (5)
JjEJ
SN iy =min(> @, y;) (6)
iel jeJ iel jeJ

Where z; is the total supply of supplier ¢ and y; is the total
capacity of consumer j. Constraint (3) allows a shipping of
supplies from a supplier to a consumer and not vice versa.
Constraint (4) forces the consumers to fll up all of their ca-
pacities and constraint (5) limits the supply that a supplier
can send as a total amount. Constraint (6) forces to move
the maximum amount of supplies possible. If the total de-
mans equals the total supply, the distributions have the same
overall mass and the EMD is a true metric [8].

4. Experimental Results

We want to test the Non-negative Matrix Factorization
(NMF) in a widely used database, the MNIST [3], in or-
der to compare its ability of classiftation in a well-known
pattern recognition problem and compare its recognition
rates with the Principal Component Analysis (PCA). There
are several methods that have been tested with this digit
database and most of them are based on preprocessing the
input images in order to reduce some distortion effects. In
our case, we have used the 28 x 28 images of this digit
database without any modiftation.

We have randomly selected 2,000 training vectors (200
of each digit) to learn our PCA and NMF models. The
reason of selecting only 2,000 training vectors instead of
a large number is that NMF needs to work with all the ma-
trices which are of size 2,000 x 784 x 8 = 12Mb. We have
estimated that having 2, 000 training vectors to obtain our
NMF model is a good trade-off between time of calculation
and accuracy in results.

We have learned both PCA and NMF models and we
have obtained a set of bases that can be seen in fgures (1)
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and (2). Figure (1) shows the bases obtained if we decide to
work with a 20 dimensional subspace and fgure (2) shows
the bases in a 50 dimensional subspace. The main differ-
ence between these bases is that NMF obtains a part-based
representation, if we work on a high dimensional subspace
(50D). In fgure (1) this behaviour is not so manifested be-
cause we have 10 different digits and we are imposing to
obtain 20 bases. With PCA, we can appreciate that if we
increase the number of dimensions from 20 to 50, the fist
20 are the same and all of them are combinations of global
behaviours. But, with NMF, when we increase the number
of desired dimensions, we obtain more specift bases corre-
sponding to parts of digits.

024774 %7078

Figure 1. Bases obtained by PCA (left) and
NMF (right) in a 20D subspace.

Figure 2. Bases obtained by PCA (left) and
NMF (right) in a 50D subspace.

Figure (3) shows two representative NMF calculated
bases from fgure (2). Because the NMF is based on the
maximisation of an objective function, the learned bases
can present non-negligible correlations or other higher or-
der effects. In fgure (3) we see that both bases are sharing
a lot of pixels in common regions. This induces to defne a
distance between projected vectors that takes into account
this fact. EMD is well suited for this problem because we
can explicitly defne a distance between our bases creating
a cost matrix used in the minimization problem defhed in
expression (2).

Figure 3. 2 different bases obtained with NMF
sharing some spatially pixels.

4.1. Recognition without occlusions

In this section we present our experimental results with
the testing MNIST images (10, 000). We have learned our
PCA and NMF models and, in the testing step, we project
all the training images (60, 000) in our learned model and

given a projected testing image, we search for the most sim-
ilar training one using a metric in the subspace. Table (1)
presents a detailed comparison of all methods. With PCA
we have used the well-known L2 metric. NMF has been
used with L1, L2, angle and EMD. With EMD, the cost ma-
trix used to weight the transition of one basis (b;) to another
(b)) is defned as ¢;; = distangle(bi, b;) where distangle is
the distance defied in expression (1). All techniques have
also been tested using a k — nn classifer (k = 5).

Method 20D 25D 30D 35D 40D 45D 50D 100D

PCA +L2 96.60 97.21 97.42 97.56 97.34 97.43 97.49 97.21
PCA +L2 5nn 97.27 97.46 97.57 97.61 97.49 97.56 97.63 97.35
NMF +L1 93.30 94.12 95.36 95.44 95.67 95.32 95.88 96.89
NMF + L1 5nn 94.15 94.86 96.14 96.27 96.36 96.31 96.56 97.10

NMF + L2 92.88 93.41 94.98 95.05 95.10 94.91 95.71 96.28

NMEF + L2 5nn 93.71 93.98 95.54 95.64 95.73 95.43 96.10 96.93
NMF + EMD 94.32 95.43 96.74 96.43 96.56 96.12 96.08 95.78
NME + EMD 5nn 95.35 96.29 97.89 97.71 97.21 96.84 96.71 96.21
NMF + Cos 92.84 93.27 95.06 95.32 95.11 95.49 95.72 9591
NMF + Cos 5nn 89.19 89.83 91.38 91.78 91.89 91.37 91.73 93.67

Table 1. Results without occlusions.
From our experimental results we can extract several

conclusions. The most interesting one is that the combi-
nation of NMF+EMD is a good choice when the number
of dimensions is not so large. But when the number of di-
mensions of the subspace is high (100D), L1 is the best and
EMD loses its ability of classifying. EMD is based on fnd-
ing a measure of correlation between bases to defne its cost
matrix, but if our bases are independent (when we use a high
dimensional subspace (100D)), we can not take advantage
of this distance. So, if our bases contain some intersect-
ing pixels (until 50D subspace in this problem), EMD is
the best metric leading to enhance PCA recognition rates in
some particular dimensions (30,35). But when a high di-
mensional subspace is required, L1 will be the best choice.

4.2. Recognition with occlusions

In this section, two levels of occlusions have been con-
sidered. According to the distribution of quadrants that can
be seen in fgure (4), we have occluded our testing set using
one quadrant (25% of a digit area) and two quadrants (50%
of a digit area). In fgure (4) we can see the reconstruction
obtained in three particular examples using two different di-
mensional spaces (20 and 50). We have occluded quadrants
@2 + @3 in these examples. As seen in fgure (4), PCA al-
ways introduces noise in the reconstruction images because
it is a global technique even if we are working on a low or
high dimensional subspace. NMF also introduces relevant
noise but only when we are working on a low dimensional
subspace (20) given that the obtained digit bases are not re-
ally parts of digits (see fgure (1)). In a high dimensional
space (50), NMF introduces less noise than PCA because
its bases are parts of digits (as seen in fgure (2)) and for
this reason, NMF is able to classify with the best recog-
nition rates if occlusions are present. Recognition rates of
both methods (PCA and NMF) under different levels of oc-
clusions are shown in table (2).
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Distribution of quadrants
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Figure 4. Reconstruction examples with oc-
clusions.

Results with occlusions in a 20D subspace

Method Ql Q2 %) Q4 QI+Q2  Q2+Q3  Q3+Q4  Q4+Ql
PCA+L2 8771 8591 8436 86.74 5391 60.61 5551 5721
PCA+L25m 9087 8925  87.69  89.52 57.54 62.19 59.44 61.56
NMF+L1 8567 8321 8245 8439 51.84 5752 52.12 54.98
NMF+L15m 8879 8673 8432 8791 55.71 59.93 56.67 58.13
NME+L2 8456 8234  80.12  82.10 4865 56.71 2926 5231
NMF+L25m 8712 8516  83.87 8542 53.21 58.30 52,99 54.28
NMF+EMD 9031 8881 8569 8649 5581 61.24 56.12 57.34
NMF+EMDS5nn 9261 9144 9057  90.23 61.27 64.21 61.59 63.42
NMF + Cos  91.88  90.11 _ 87.65 87.79 57.03 6248 59.24 59.66
NMF +Cos 5nn 9305 91.69 9045  91.03 62.23 66.06 65.58 67.37
Results with occlusions in a S0D subspace
Method Ql Q2 %) Q4 QI+Q2  Q2+Q3  Q3+Q4  Q&Ql
PCA+L2 9221 8948 8776  91.26 57.82 64.95 59.16 6039
PCA+125m 9387 9173 8944 9245 62.29 67.01 63.25 63.37
NMF+L1 8698  83.19 8231 8567 54.15 55.55 52.99 47388
NMF+L15m 8945 8441 8409  87.02 56.21 57.64 54.54 52.71
NMF+L2 8467 8292 8126 83.78 56.43 57.16 57.40 51,10
NMF+L25m 8618 8563 8334 8656 59.27 58.89 60.50 56.82
NMF+EMD 8539 8154 8107 8236 5275 56.12 5132 4813
NMF+EMD5m 8823 8345 8398  84.56 55.92 57.08 53.75 49.67
NMF + Cos 9149  88.68 8667 87.22 66.48 64.59 70.52 59.89
NMF + Cos 5nn 9404 9087 9155 90.17 69.32 68.38 72.56 65.96

Table 2. Results with occlusions in a 20D sub-
space (above) and in a 50D subspace (below)

From table (2), if a 25% of a digit is occluded, the NMF
with the angle distance is a good choice when we are work-
ing on low dimensional subspaces (20D). In this case, NMF
always improves the PCA recognition rates. However, in
a high dimensional space (50D), we fad that NMF+angle
is the best combination but also, in some particular cases,
PCA can give good results. The reason is that PCA is able
to reconstruct the original digit because it has enough infor-
mation about it and, in this case, the additional noise intro-
duced contributes to recover the original digit. In a low di-
mensional subspace, NMF has the same behaviour as PCA
but, in a high dimensional one, it is not able to recover the
original digit because its bases are localized parts of digits.

But when a 50% of a digit is occluded, NMF with the
angle distance is the best confguration because always out-
performs the PCA recognition rates. This is due to the fact
that PCA has not enough information about the digits and,
usually, when trying to recover them, it fails leading to gen-
erate a bad estimation (as seen in the fist row of fgure (4)).
NMF can also add noise to the reconstructed digits but this
noise is not so relevant as with the PCA leading to obtain
better results. We have to note that NMF+EMD can also
provide us some relevant recognition rates if a 50% of a

digit is occluded, but only in low dimensional subspaces.

5. Conclusions

In this paper we have experimentally analysed an alter-
native technique to Principal Component Analysis (PCA),
the so called Non-negative Matrix Factorization (NMF).
NMF was initially tested with faces to obtain parts of faces
but not used in a classiftation framework. The results of
this paper demonstrate that NMF can be used in a classif
cation framework. NMF is a recent technique and lacks of a
suitable metric distance to work with its projected positive
vectors. Different distances such as L1, L2 and angle have
been tested with the NMF projected vectors. But these dis-
tances do not take into account the positive aspects of the
NMF. The earth mover’s distance (EMD) has been intro-
duced and plays a key role in order to take into account this
positive property. When using a low dimensional subspace,
the conjunction of NMF and EMD is the best solution im-
proving the classical PCA recognition rates because the ob-
tained NMF bases have intersecting localized pixels. And
if a high dimensional subspace is required, the best solu-
tion is to use the L1-norm. But the most interesting fading
of this paper is that NMF has a good response in front of
the presence of occlusions: PCA can not manage with high
degrees of occlusions because it is based on a global repre-
sentation and NMF can improve the PCA recognition rates
because it is based on a local representation. For this rea-
son, we believe that NMF can be a relevant technique for
pattern recognition problems, where occlusions that can not
be handled by PCA may appear.
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