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Abstract

We proposea methodto learn hetengeneousnodelsof
objectclassedor visual recanition. Thetraining images
containa prepondeanceof clutterandlearningis unsuper
vised. Our modelsrepresentobjectsas probabilistic con-
stellationsof rigid parts (features). Thevariability within
a classis representedby a joint probability densityfunc-
tion on the shapeof the constellationand the appeaance
of the parts. Our methodautomaticallyidentifiesdistinc-
tive featuesin the training set. The setof modelparame-
tersis thenlearnedusingexpectatiormaximization(seethe
companiorpaper[11] for details). Whentrainedon differ-
ent,unlabeledandunsgmentedriews of a classof objects,
ead componenbf the mixture modelcan adaptto repre-
senta subsetof the views. Similarly, different component
modelscan also “specialize” on sub-classe®f an object
class.Experiment®on imagesof humanheads)eavesfrom
different speciesof trees,and motorcars demonstate that
themethodworkswell over a wide variety of objects.

1 Intr oduction and Related Work

Whenwe look at the first few imagesof Fig. 1 we see
‘cars! We may be unableto namea specificcarmodel,but
we caneasilyrecognizea carassuch.‘Cars’ is anabstract
object classthat we have constructedthrough experience
andwhich we may usefor labelling previously unseerob-
jects.

We are interestedin the problem of learning object
classegrom unsupervisedisual experience;giventheim-
agesof Fig. 1, canthe visual conceptof ‘car’ be learned
automatically? The main challengewe faceis identifying
the relevant objectsamongsta preponderanamountof ir-
relevantclutter Unfortunately we do notevenknow in ad-
vancewhat to look for: the conceptof ‘car’ will emepge
from the process—foall thatwe know our trainingimages
coulddepictshoesor sometype of deep-sedish.

Thisproblemhasnotyetbeertackledin thecomputewi-
sionliterature. Traditionally, objectrecognitionstartswith
a training setwherethe salientpartsof eachobjectarein
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roughgeometricakorrespondenceThis is eitherobtained
by segmentationand warping/alignmentof eachobject’s
picture,or by directmanualidentificationof the main fea-
tures.In eithercaseinterventionof anoperatorand/orcon-
trolledimagingconditionsarerequired[9, 2, 3, 4, 6, 1].

In a companionpaperwe proposea method[11] for
learningobject classedrom clutteredimageswithout su-
pervision. The modelsthat we useare Gaussiardensities,
appropriatdor reasonabljhomogeneousainingexamples.
We expectthatin mostpracticalapplicationsthe datawill
be multi-modal; variability in the datacould be dueto the
presenceof objectsfrom several distinct classesa single
objectclassbeingseenfrom differentviewpoints,or visu-
ally distinctsub-classesf thesameobject. In this papemwe
extendour methodto handlesuchdiversity.

2 Overview of the Approach

We modelobject classedollowing the work of Burl et
al. [3]. An objectis composedf parts and shape where
‘parts’ areimagepatchesvhich may be detectecandchar
acterizedy appropriateletectorsand‘'shape’describeshe
geometryof the mutualpositionof the partsin away thatis
invariantwith respecto rigid and,possibly affine transfor
mationg10]. A joint probabilitydensityonpartappearance
and shapemodelsthe objectclass. In this paperwe shav
that, using mixtures of probabilisticmodelsof this type, it
is possibleto modelobjectclassegxhibiting alargedegree
of variability.

Objectdetectionis performedby first running part de-
tectorson theimage,thusobtaininga setof candidatepart
locations. The secondstageconsistsof forming likely ob-
jecthypothesesg,e. constellation®f appropriatgarts(e.g.
eyes, nose, mouth, ears); both completeand partial con-
stellationsare consideredjn orderto allow for partial oc-
clusion. Thethird stageconsistsof usingthe objects joint
probability densityfor eithercalculatingthelikelihoodthat
ary hypothesisarisesfrom an object(objectdetection),or
the likelihood that one specifichypothesisarisesfrom an
object(objectlocalization).

In orderto train a modelwe needto decideon the key



Someof theimagescontaininstance®f objectclasses
(carsand leaves), otherscontainonly “background. How cana
machinegearnto recognizetheseobjectswithout ary furtherinfor-
mation?

partsof the object, selectcorrespondingparts(e.g. eyes,
noseetc.) on a numberof training images,and lastly we
needto estimatethe joint probability densityfunction on
partappearancandshape.Burl etal. [2] performthefirst
and secondact by hand,while our methodsautomatethe
first andsecondstepsaswell.

Our techniquefor selectingpotentiallyinformative fea-
tures/rgionsis composeaf two stepsfirst highly textured
regionsare detectedn the training imagesby meansof a
standardinterest operator’ or keypoint detector An un-
supervisectlusteringstepfavoring large clusterswill tend
to selectfeaturesthat correspondo the objectsof interest
ratherthanthe background.Appropriatefeaturedetectors
may be trainedusingtheseclusters.This methodhasbeen
describedn detailin [11] andwill notbediscussedhere.

In orderto learnanobjectclassmodelfrom asetof train-
ing imageswe needto decideon asmallsubsebf the parts
selectedby the featureselectionmethodandwe thenneed
to learnthe parameter®f the statisticalmodel. We solve
both problemsby iteratively trying out promisingsubsets
of parts. During eachiteration, the model parametersre
estimatedisingexpectatiormaximizationEM). At theend
of eachiteration,the detectionperformancef the modelis
evaluatedusinga validationdataset. Basedon the perfor-
mance,a partin the model might be exchangedagainsta
morepromisingone.

The bestperformingmodelgeneratedn suchfashionis
in theendselectedas‘the model’.

Outline of the Paper

In Section3 we review the theoryunderlyingour prob-
abilistic objectmodelbeforewe introducethe extensionto
mixture models.In Section4 experimentalresultsarepro-
videdfor threedatasetscars,leavesandhumanheads Ex-
plicit updaterulesfor mixture modellearningaregivenin
theappendix.

3 Mixtur esof Probabilistic Object Models

In this section we first give a brief descriptiorof our ba-
sicobjectmodelbeforeintroducingtheextensiorto mixture
models. We thenprovide detaileddefinitionsof the differ-
entmodelcomponents.

3.1 BasicGenerative Model

We modelobjectsascollectionsof rigid parts[3]. Dur-
ing recognition,eachparttypeis detectedy a correspond-
ing detector After the part detectionstage,an entireim-
ageis thusreducedto a collectionof partsaswell. Some
of thosepartsmight correspondo an instanceof the tar-
get object class(the foreground), while othersstemfrom
backgrounctlutteror aresimply falsedetectiongthe badk-
ground). Throughoutthis paper the only informationasso-
ciatedwith anobjectpartis its positionin theimageandits
identity or parttype We assumehatthereare different
typesof parts.The positionsof all partsextractedfrom one



imagearecollectedin a“matrix,”

wherethe superscript ' indicatesthat thesepositionsare
observeablén animage,asopposedo beingunobsereable
or missingwhichwill bedenotecby® . Thus,ithe row
containsthe locationsof detectionsof parttype , where
every entry,  , is a two-dimensionalvector If we now
assumethat an objectis composedof  different parts?
we also needto indicatewhich partsin correspondo
the foreground(the objectof interest). For this we usethe
vector , asetof indices,with , indicating
thatpoint  is aforegroundpoint. If anobjectpartis not
containedin  , becausat is occludedor otherwiseun-
detectedthe correspondingentryin  will be zero. When
presentedvith an unseenimage, we do not know which
partscorrespondo the foregound. Therefore, is notob-
seneableandwe will treatit ashiddenor missingdata.We
call ahypothesissinceit expressesvhichpartsof  are
hypothesizedo belongto the foregroundobiject. It is also
convenientto representhe positionsof any unobseredob-
jectpartsin aseparateector  whichis, of coursehidden
aswell. We canthendefineageneratie probabilisticmodel
throughthejoint probability density

(1)

Beforewe give a detaileddefinition of this density we ex-
plain how we constructmixturesbasedon this model.

3.2 Mixtur e Model

We assumdhata mixture modelconsistof  different
components. Eachcomponenis a completemodel of the
type introducedin the previous section. Our learningand
detectionalgorithmsare set up suchthat, during recogni-
tion, thesemixture componentwill “compete”for the ex-
planationof an input image. Thus, an image containing
aninstanceof anobjectclasscanonly be generatear ex-
plainedby a single mixture component.We follow, in this
respectthe spirit of the “mixture of experts”framework in-
troducedin [7]. However, we do not usea true mixture of
expertsmodel,in which a separatayating networkis typi-
cally usedto divide the input spaceinto regionsof respon-
sibility for eachexpert.

Onecanalsoimaginean approachunderwhich model
componentscollaborate. Eachcomponentouldthenex-
plainonly asubsetf theobjectpartsin theentireimageand
several expertsneedto be “active” for a givenimage. For
amoredetaileddiscussiorof competitve vs. collaboratve
learningsee[8].

1To simplify notation,we only considerthe casewhere . The
extensionto the generalcase( ) is straightforvard.

We canwrite our completemodelas

Theconditionaldensity representsompo-
nentmodel . Every componenmodelis basednits own
setof parametersexplaining how the partsin canbe
arrangedspatiallyin animage.However, not every compo-
nentneedsto make useof all parttypesin orderto model
the foreground. Hence,undercertaincomponentimodels,
partcandidate®f certaintypescanonly be accountedor
asbackgroundlutter.

The probabilities expressour a priori expectation
of explainingthe datawith componenmodel
3.2.1 Model Details

In orderto provide a detailedparametrizatiorof (1), we
introducetwo auxiliary variables, and . Thebinaryvec-
tor encodesnformationaboutwhich featureshave been
detectecandwhich have beenmissedor occluded.Hence,

if and otherwise. The variable

is alsoavector where  shalldenotethe numberof back-
ground candidatesncludedin the  row of Since
bothvariablesarecompletelydeterminedby andthesize
of , wehave . We
cannow decomposén thefollowing way

(2)

The probability densityover the numberof background
detectioncanbe modeledby a Poissordistribution,

where s theaveragenumberof backgroundietections
of type perimage.Notethatthe backgroundstatisticsare
assumednhdependendf themodelcomponent .

Dependingon the numberof features, , we canmodel
the probability eitherasanexplicit table (of length

) of joint probabilities or, if islarge,as independent
probabilities governingthepresencef anindividualmodel
feature.

It is importantto realizethatthe probability for
a vector which is not consistenwith model (e.g. it
hypothesizea featuretypeto bedetectedvhichis notused
for the foregroundin this componenimodel)is definedto
bezero.

Thedensity is modeledby,
other
where denoteghe setof all hypothesesonsis-
tentwith , and , and denotesthe total number



of detectionsof the type of feature . This expresseghe
factthatall consistenhypothesesthe numberof which is
, areequallylikely in theabsenc®f information
onthefeaturelocations.
Finally, we use

wherewe defined as the coordinatesof all fore-
grounddetections(obsened and missing) and asthe
coordinatesf the backgrounddetections. In our experi-
ments, is modeledasa joint Gaussiarwith
mean andcovariance . The positionsof the back-
grounddetectionsaremodeledby a uniform density

where isthetotalimagearea.
3.3 Classification

Throughoutthe experimentspresentechere,our objec-
tive is to classifyimagesinto the classes'object present”
(class ) and“object absent”(class ). Given the ob-
seneddata, ,theoptimaldecision—minimizinghe ex-
pectedtotal classificationerro—is madeby choosingthe
classwith maximum a posteriori probability (MAP ap-
proach,seee.g. [5]). It is thereforecorvenientto consider
thefollowing ratio,

(3)

where denoteshenull hypothesisvhichexplainsall fea-
turesas backgroundhoise. The sumin the numeratorin-
cludesall hypothesesalsothenull hypothesissincethe ob-
ject could be presentout remainundetectedy ary feature
detector In thedenominatortheonly consistenhypothesis
to explain “object absent’is the null hypothesis.

Althoughwe arehereconcernedavith classificatioronly,
our framawork is by no meansrestrictedto this problem.
For instance objectlocalizationis possibleby identifying
thoseforegroundfeaturesn animage,which have thehigh-
estprobability of correspondingo anoccurrencef thetar-
getobject.
3.4 Model Learning

A detaileddescriptionof our learning methodcan be
foundin [11] for the caseof single-componennodels.We
do not have spaceto reproducehe methodhere. However,
explicit updaterulesof our learningalgorithmfor the case
of mixture modelshave beenincludedin theappendix.

4 Experiments

We choseto validateour methodunderthe classification
problemdefinedin Section3.3, usingthreedifferentdata
sets:imagesof rearandsideviews of cars,imagesof hu-
manheads taken over a rangeof viewing directionsfrom
frontal to profile, andimagesof a sampleof leaves from
threedifferentspecief trees.

Sincethe objectsto be learnedwerein a different, un-
known location in every training image, we employed a
translationinvariant extensionof our method(see[2] for
a discussionon invarianceto planartransformations).We
tried, however, to asserthatthe objectshadthe samesize
in all images,sincewe have not yetimplementedscalein-
variantlearning.

4.1 Training and Testlmages

Human Heads: In orderto producea large setof im-
ageswith differentbut known headorientationsa sufficient
numberof subjects,as well as different, clutteredback-
grounds,we resortedto a syntheticblendingof headim-
ageswith backgroundscenesSubjectavere photographed
in front of a blue backgroundfacing differentviewing
directions( ). The back-
groundwasthen subtractedrom the images(which were
corvertedto grayscaleandreplacedwith entirely white or
black regionsto producetraining images,aswell aswith
randomscenego producetestimages(seeFig. 2).2 Similar
sceneswithout superimposetieadswereusedasnegative
examplesWe used subjectdor trainingand  different
subjectdfor testing. Four picturesweretaken of eachsub-
jectateveryviewing direction. Subjectsvereasledto keep
astraightfaceandheadorientationfor thefirst two images.
For the othertwo they wereallowedto tilt their head rotate
it within the planeof view and performfacial expressions
of their choice. The resolutionof the training imageswas
suchthatthe distancefrom top of the headto chin spanned
about pixels.

The setof backgroundscenesontained  picturesof
landscapesputdoorscenesf buildings, aswell asindoor
scene®f office andlaboratoryenvironments.This setwas
divided into two setsof pictureseachfor training and
testing.

Leaves: We usedcompletelyunlabelecandunsegmented
imagesthroughouthe leaf (and car) experiments.We col-
lectedsix leavesfrom eachof threedifferentspecie®f trees
andphotographeé@achleaf timesin front of anarbitrary
backgroundproducing  imageqseeFig. 1 bottom).An-
other  imagesfrom the sameindoorlaboratoryernviron-
mentweretaken asnegative examples.As in the otherex-
perimentspothsetsweredividedinto anindependentrain-
ing andtestset.

Cars: We took images(  rearviews and side
views) on public streetsand parking lots shaving carsin
front of a clutteredbackground(Fig. 1 bottom). We also
took imagesof backgroundscenesrom the sameen-
vironment. We photographedrehiclesof different sizes,
colorsandtypes,suchassedanssportutility vehicles,and
pick-uptrucks.

2Althoughwe have demonstratethat our methodcanlearnmodelsof
humanheaddrom entirelyunlabelectlutteredscenesywe madeuseof this
segmentationstepin orderto speedup the training process.Eliminating
the backgrounchelpedby reducingthe numberof featureso betried and
by speedingup the cornvergenceof the EM stagedueto the absenceof
backgroundietections.



Exampledrom the humanheaddatabaseSegmented
headsaresuperimposedn blackandwhite backgroundsor train-
ing (top), and on randombackgroundscenedor testing(center).
For half of the images,subjectswere allowed to male facial ex-
pression@ndto tilt or rotatetheirheadaroundthecameraaxis. On
the bottomwe shav randombackgroundscenesusedas negative
testexamples.

The carandleaf imageswerehigh-pasdilteredin order
to promoteinvariancewith respecto differentcolorsof cars
and differentlighting conditions. All imageswere taken
with a digital camera;they were corvertedto a grayscale
representatiomnd downsampledo a resolutionof

pixels. No imageswerediscardedy handprior to the
experiments.

The EM modellearningwas carriedout on the positive
trainingimages.In orderto optimizefor themodelconfigu-
ration,theclassificatiorperformancef themodelwaseval-
uatedaftereachpassof EM, usingthe positive andnegative
trainingimages. No individual car/head/leae was present
in thetestandtrainingsetatthesametime. Thefinal model
wastestedon the previously unseertargetandbackground
images.

4.2 Automatically SelectedParts

Partswereautomaticallyselecteciccordingo theproce-
duredescribedn [11]. The Forstnerinterestoperatorwas
appliedto the positive training images. We thenextracted
patchesof size aroundthe points of interestand
clusteredhoseusingvectorquantization A differentsetof
patternsvasproducedor eachobjectclass(Fig. 3).

A sampleof the patternsobtainedfrom our feature
selectionmethod(basedon k-meansclustering)is shavn for cars
(left), heads(center)andleaves (right). The leaf and carimages
were high-passfiltered before featureselection. The total num-
ber of patternsselectedvas for heads(acrossa rangeof
viewing directions), for cars(acrosgwo orthogonakiewing di-
rections)and  for leaves.

4.3 Results
Classification Performance

To assesslassificatiorperformancewe learnedmodels
with two mixture component®f threefeatureseach.

We found the EM algorithmto corverge in about
iterations. Oneiterationtook about usinga Matlab
implementatiorwith subroutinesvrittenin ‘C’. The entire
training procesgook severalhourson a PC with
Pentiumll processar

Ratherthanclassifyingevery imageby applyinga fixed
decisionthresholdaccordingto Equation3, we computed
receveroperatingcharacteristic§ROCs)basedbn theratio
of posteriorprobabilities. In orderto reducesensitvity to
noisedueto thelimited numberof trainingimageswe used
the areaunderthe ROC curve asa measureof the classi-
fication performanceriving the optimizationof the model
configuration.In Figure5, we reporttotal classificatiorer-
rorswhich arecomputedby choosinga decisionthreshold
suchthatthesameerrorrateon foregroundandbackground
imagesis obtained. The differencesbetweentraining and
testerrorsin the CarsandLeavesexperimentssuggesthat
we have experienceda certaindegree of overfitting The
asymptoticatlassificatiorerrorfor aninfinitely largetrain-
ing setlies somavherebetweenour obsened training and
testerror.

Onemightalsobesurprisecby thelimited improvement
of the mixture modelsover the single componenimodels.
The reasonfor this is the remarkableperformanceof sin-
gle componenmodelswhich, e.g.,in the caseof headsare
often ableto work realiably over a large rangeof viewing
directions(seealsoFig. 4).

Examplesof misclassificationareshavn in Fig. 7.
Tuning of Mixtur e Components

For this experimentwe learnedmodelswith two (cars),
three (leaves), and four (heads)componentof threefea-
tureseach,exhaustingthe entire setof available data. We
then investigatedthe tuning propertiesof the individual
componentnodelsby assigningeverytrainingimageto that
particularcomponent, , for which the “responsibility”

, was maximal. If no componenthad a respon-
sibility of morethan , We assignedhe corresponding
imageto an“undecided’cateyory. We wereableto obsene
cleartuningcharactersticfor all threedatasets.In thecase



Cars Heads Leaves

#comp. 1 2 1 2 1 2

train 17% | 12% | 14% | 13% | 5% 8% 8% 6%
test 18% | 16% | 14% | 13% | n/fa | 16% | 16% | n/a
ZFA-DR | 46% | 54% | 57% | 61% | n/a | 59% | 60% | n/a
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Analysis of a four-componentmixture model with
threefeaturesper component.This modelwastrainedon the en-
tire setof availablesata.We shaw the threepartsselectedor each
componenf{left) by our training algorithm. Ellipsesindicatinga
three-standardeviation distancefrom the meanpart positionsac-
cordingto theGaussiampdf governingtheforegroundpartpositions
areshavn (center).They have beensuperimposedn anarbitrary
imagefor whichthecorrespondingomponenhada high “respon-
sibility.” Since our modelsare translationinvariant, the models
have beenalignedwith theimageby handfor illustrative purposes.
Ontheright we shav asecondarbitrarily selectedmage,alsowith
a high responsibilityof the correspondingcomponent. Detected
candidategpartlocationsare shavn only for the threeparttypesof
therespectie componen{ =‘A’, =‘B’, ='‘C’). Notethatthe
modelcomponentgareableto representheheadsoverafairly large
rangeof viewing directions—about  in this case—mainlydue
to the stability of the chosenfeatures. This effect waseven more
pronouncedvhenwe trained modelswith only two components
over a viewing range. In this case,single componentsvere
oftenableto detecta headovertheentirerange.Hence thedataset
couldbeconsidereahot difficult enoughfor the mixture models.

Testandtrainingperformancéor thedetectionexper
iments. We shav the total misclassificatiorerror, obtainedat the
decisiontresholdwherean equalnumberof positve andnegative
imagesis misclassified.We alsoreportthe detectionrate at zero
falsealarms(ZFA-DR). This performanceés importantfor applica-
tions suchasdigital library searches. Modelswith three(leaves)
andfour (heads)componentsveretrainedon all availabledatafor
thetuningexperiments.

of leaves,only amodelwith threecomponentshovedtun-
ing characteristicsbut not with two. In the headexperi-
mentwe only obsenedtuningfor modelswith atleastfour
components.Figure 6 shavs histogramsllustrating these
findings. In both casesgachmodelcomponents between
two andfour timesaslikely to detecta particularview or
sub-classhanary othet
SeparatelyTrained Components

In another experiment, we trained single component
modelsseparatelyon labeledside andbackviews of cars.
We repeatedhis experiments  times,to avoid local ex-
tremaandobtainedan averageperformancef correct
for back views and correctfor sideviews. We then
merged thosemodelsinto two-componenmodels,choos-
ing for both componentsThe performanceof
theresultingmodelswasonly correcton averageand,
therefore significantlyworsethanthoseof two-component
modelstrained on unlabeleddatawith our algorithm for
mixture model learning. Hence,it appearsthat training
componentsimultaneouslys vital to exploit the benefits
of our mixturemodels.

5 Discussionand Future Work

We have presenteddeasfor learningmixture modelsof
objectsfrom inhomogeneousraining imagesin an unsu-
pervisedsetting. A setof unsggmentedand unlabeledm-
ages(in the caseof leaves and cars)containingexamples
of objectsamongstclutteris supplied;our algorithmauto-
matically selectdistinctive featureof the objectclass,and
learnsthe joint probability density function encodingthe
object’s appearance.This allows the automaticconstruc-
tion of anefficient objectdetectomwhichis robustto clutter
andocclusion.

We have demonstratedhat our model learning algo-
rithm works successfullyon threedifferentdatasets: hu-
manheadsviewed over a rangeof viewing directions,
carsseenfrom the rear andthe side, and imagesof three
differentspecief leaves.In thecaseof headsdiscrimina-
tion of imagescontainingthe desiredobjectvs. background
imagesapproaches  correctwith simple modelscom-
posedof 2 componentsvith 3 featureseach. Performance
on carsis correctandon leaveswe obtained cor
rectly classifiedestimages.Thedetectiorrateat zerofalse
alarmswasconsistentlyabove 50%—andften significantly
higherwhich is promisingfor content-basedearchingof
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Histogramsshawing tuningpropertiesof the mixture
modelsmodels.For every componenmodelthenumberof images
for which it is “responsible”is plotted. The right-mostgroup of
barsshawv “undecided”imageswhereno modelreached valueof
morethan probability The numberof componentsvastwo
(cars),three(leaves)andfour (heads)Headmodelswerefoundto
be partially tunedto headorientationbut alsoto small remaining
differencesn headsizesin our datasets.

large imagedatabasesWe demonstratedhat our method
is capableof identifying differentsub-classeamongstthe
unlabeledrainingimages.Thesesub-classearedueto dif-

ferentviewpoints (cars,heads)or genuinelydifferentsub-
catagyories(leaves).

While training is computationallyexpensve, requiring
several hoursof computertime on training setscomposed
of approximatelyl00images detectionis efficient, requir
ing lessthan half a secondin our hybrid ‘C’-Matlab im-
plementationThis suggestshattraining shouldbe seenas
anoff-line processwhile detectiormaybeimplementedn
real-time.

Many aspect®f ourimplementatioraresuboptimaland
susceptibleof improvement. To list a few: we imple-
mentedthe part detectorsusing normalized correlation.
More sophisticateddetectionalgorithms, involving mul-
tiscale image processingmultiorientation-multiresolution
filters, neuralnetwork etc. shouldbe consideredndtested.
Moreover, in our currentimplementationonly part of the
information suppliedby the detectors,i.e. the candidate
features location, is used;the scaleand orientationof the
image patch, parameterslescribingthe appearancef the
patch,aswell asits likelihood,shouldbeincorporatedOur
interestoperatoraswell asthe unsupervisealusteringof
the featureshave not beenoptimizedin ary respect;the

Examplesof misclassifiedmagesfrom thethreetest
sets.

choiceof the algorithmsdeseresfurther scrutiry aswell.
An importantaspectwhereour implementatiorfalls short
of generalityis invariancethemodelswelearnedandtested
are translationinvariant, but not rotation, scaleor affine
invariant. Thereis no conceptualimit to this generaliza-
tion, althoughthe computationalcost grows significantly
We also needto explore a principled way of decidingon
the numberof mixture components. This could be done
by monitoringthe generalizatiorerror asa function of the
numberof componentsFinally, the possibility to trade-of
the numberof componentsagainstthe numberof partsin
every componenshouldbeinvestigated.
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A M-step and E-step

For detailson the derivation of our basiclearningalgo-
rithm thereaderis referedto [11], wherewe derive the up-
daterulesfor a singlecomponenmodel.

We employ the EM algorithmto optimizethelik elihood
of theobseneddata,

with respect to the model parameters,
Since this is difficult
to achieve analytically EM iteratively maximizes a

sequencef costfunctions,

Taking the derivative of with respecto the param-
etersand equatingto zero producesthe following update
rules,

where and denotes taking
the expectation with respectto the posterior density
. Theseupdaterules constitutethe M-
step.
The E-stepamountsto the calulation of the sufficient
statistics andthe poste-
rior density

with

Explicitely, is calculatedasfollows. Choosea hy-
pothesisconsistentwith the obsened data. Integrate out
themissingdataby eliminatingthe appropriatedimensions
from the Gaussianforeground pdf. Calculate and
andinserttheminto the joint density Finally, sum
overall possiblehypothesesThe expectationf the statis-
tics are calculatedn a similar fashion. is calcu-
lated by summingonly over those hypothesesonsistent

with  in the numeratorand dividing by . Sim-
ilarly, is calculatedby averaging over all hy-
pothesesFor we need

wherewe defined anda similar decompo-
sitionfor . For the calculationof we needthe
following result
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